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TWO CLOSED FORMS FOR THE APOSTOL-BERNOULLI 

POLYNOMIALS 

SU HU AND MIN-SOO KIM 


Abstract. “In mathematics, a closed form is a mathematical expression that can 
be evaluated in a finite number of operations. It may contain constants, variables, 
four arithmetic operations, and elementary functions, but usually no limit.” In this 
note, we shall obtain two closed forms for the Apostol-Bernoulli polynomials. 


1. Introduction 


The Bernoulli numbers Bn are defined by the generating function 

,2n 

xl < 27r 


(1-1) = = 2 

n =0 n —1 

and the Bernoulli polynomials Bn(u) are defined by 


( 1 . 2 ) 


(2n)!’ 

— = J2Bn{u)^, |a;| < 27r. 


xe 
— 1 


n—O 


Because the function = 1 — | is odd in a; S M, all of the Bernoulli numbers R 2 n+i 
for n G N equal to 0. It is clear that Bq = 1 and Ri = — ^ (see [13]). 

The Apostol-Bernoulli polynomials Bn{u, z) are natural generalizations of the Bernoulli 
polynomials, they were first introduced by Apostol |2] in order to study the Lipschitz- 
Lerch zeta functions (also see [HI Section 5]). Their definitions are as follows, 


(1.3) 


X 


ze^ — 1 


'^Bn{u,z)^, 


where \x\ < 27r when z = 1; |a;| < |log z\ when z yf 1 (see [TB]). In particular, 
Bn{z) = Bn{0,z) are the Apostol-Bernoulli numbers. Letting z = 1 in (II.3|) . we ob¬ 
tain the Bernoulli polynomials R„(u.) and Bernoulli numbers Bn, respectively. 

During recent years, the Apostol-Bernoulli polynomials and numbers including their 
applications have been widely studied by many authors (see [H [d] [T] [H [TOl [HI HH [HI [TSl 
[ni[iHi[ini[ii[i3[isi[izi[iH] and references therein). 

Ten years ago, Jeong, Kim and Son m proved the following explicit formula for 
Bernoulli numbers, which is equivalent to an old formula by Saalschiitz in 1893 [Mj (also 
see the sentence above [TBl Theorem 3.1]). 

Theorem 1.1 (Jeong, Kim and Son, [121 Theorem 3.1]). For n > 1, 


(1.4) R„ = n!^(-T ^ 


i=i 


UH- Hn—j 

21+222H- \-nin—n 


ii,...,i„y2!*i3!*2...(n-hl)!* 


The Stirling numbers S{n, k) of the second kind for n > fc > 1 can be computed and 
generated by 




k-£ 


k\ 
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and 


{e^ - 1)'= 

fc! 


= '^S{n,ky- 


n.—k 


respectively (see [SJ p. 206] and P5]l. 

Recently, Qi and Chapman [23] generalized the above formula to get a closed form 
for Bernoulli polynomials, which provide an explicit formula for computing these special 
polynomials in terms of Stirling numbers of the second kind S{n^ k). 


Theorem 1.2 (Qi and Chapman, Theorem 1.1]). The Bernoulli polynomials Bn{u) 
for n S N may be expressed as 


Bn{u)=^k\ ^ ^ (-1) 

k—1 r-\-s—k^-\-m—n 


l\ ml 
{£ + r)! (m + s)! 


(1.5) 


X u 


i—0 j—0 

'"+®(1-m)^+C 


r — I 


m 


s-J 


S{£ + i,i)S{m + j,j) 


Consequently, the Bernoulli numbers Bn for n S N can be represented as 


( 1 . 6 ) 


Bn 


/n+i\ 

i=l V i ) 


S(n + i, i). 


Remark 1.3. Eq. (11.61) recovers Jeong, Kim and Son’s formula (11.41) (see [531 Remark 
4.1]). 

Remark 1.4. Using an identity involving the functions and their derivatives, Cuo 

and Qi [8] also established two explicit formulas for computing Euler polynomials and 
two-parameter Euler polynomials in terms of Stirling numbers of the second kind. 


Remark 1.5. The formulas in the above theorem are named closed forms. As recalled 
by Qi and Chapman [23l p. 91], 

“In mathematics, a closed form is a mathematical expression that can be evaluated 
in a finite number of operations. It may contain constants, variables, four arithmetic 
operations, and elementary functions, but usually no limit.” 


Furthermore, they also got another form for Bernoulli polynomials. 


Theorem 1.6 (Qi and Chapman, [231 Theorem 1.2]). Under the conventions that (g) = 1 
and (^) = 0 for q > p > 0, the Bernoulli polynomials Bn(u) for n G N may be expressed 
as 


(1.7) Bn(u) = (-ly 


1 f£+l 


£ + 1 


[(1-u)^ 


— m+1 


- (-u) 


l-m+l] 


l<£<n,0<m<n — l 


where \ ■ li<f<Tt,o<m<n-i denotes a nxn determinant. Consequently, the Bernoulli num¬ 
bers Bk for fc G N can be represented as 

^ l<£<n,Q<m<n — l 


( 1 . 8 ) 


Bn = (-1)^ 


£ + 1 


m 


One of main tools used in [53] to get the closed forms for the Bernoulli polynomials 
is the following integral expression for the generating function 


c^^dt Jq '^'idt 

(see [531 P- 90, (1.1)]). 

In this note, we show that, different with [53], if directly applying the generating 
functions instead of their integral expressions, then the above theorems may be general¬ 
ized to other special functions. As a result, we shall get the following two closed forms 


(1.9) 


- 1 


_ ^-ux 
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for Apostol-Bernoulli polynomials and numbers, which may be used to compute these 
special polynomials and numbers in a finite number of steps. 

Theorem 1.7. Suppose that z ^ 1. The Apostol-Bernoulli polynomials Bn{u,z) for 
n S N may be expressed as 


( 1 . 10 ) 


Bn{u,z) = 


(-l)'=fc! 


(z-l)fc+i 

k—0 ^ r-\-s—k£-\-m—n—l 


E E (-1) 


s+m 


n — 1 

i 


X z^(l — uYu"^S{£, r)S(m, s). 

Consequently, the Apostol-Bernoulli numbers Bn{z) for n S N can be represented as 


n—1 


( 1 . 11 ) 


S„(z) = n ^ - 1, k). 


k=0 


Remark 1.8. Suppose that z ^ Letting a; = 0 in the both sides of (II.3L we get 
Bo{u,z) = 0 and Bo{z) = 0. Since by m, we have 


dx V ze^ — 1 


= T.Bmiu,z)-^^ 

x=0 rn=l 1 ' 


= Bi{u,z) 


x—0 


and 


( 1 . 12 ) 


dx V — 1 


ze^ — 1 dx \ ze^ — 1 
1 




z-1 


as X ^ 0, so Bi{u, z) = and Bi{z) = 

Remark 1.9. There is another closed form for the Apostol-Bernoulli polynomials: 


n / \ k—1 

Bn{u,z) = E^(fc) - i,j> 

k—O ^ ^ j—0 


,n — k 


(See [T^ ). 


Remark 1.10. Eq. (11.111) recovers a formula by Apostol (see [H Eq. (3.7)]), and recently, 
Xu and Chen [28] provided another formula for the Apostol-Bernoulli numbers as follows, 

t[ - 1) 

(see dSl Theorem 4.1]). 

Theorem 1.11. Suppose that z ^ 1. Under the conventions that (g) = 1 and (^) = 0 
for q > p > 0, the Apostol-Bernoulli polynomials Bn+i{u, z) for n S N may be expressed 


(1.13) Bn+i{u,z) = 


(-!)"(»+1) 

{z - l)"+i 




l<£<n,0<m<n—l 


where \-\i<e<n,o<m.<n-i denotes anxn determinant. Consequently, the Apostol-Bernoulli 
numbers R„+i(z) for n G N can be represented as 


(1.14) 


Bn+l{z) = 


(-l)”(n + l) 
(z-1) 


n+1 


^£m) 


l<£<n,0<m<n—l 

where the Kronecker delta Sim is 1 if the variables are equal, and 0 otherwise. 
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2. Bell polynomials 

As in [23], our proofs are also based on following properties of Bell polynomials. 

The Bell polynomials of the second kind X 2 , ■ • ■, Xn-k+i) are defined by 

(2.1) (^1, X2 , . . . , ) 

_ nl /XiY^ /X 2 Y^ f Xn-k +1 

VllJ V2!/ ■■'Vn-fc + l!; 

where the sum is taken over all sequences ... ,^n-k+l of non-negative integers such 
that 

in—k+i — k and £i 2^2 + • ■ ■ + (n- — k l)£n—k+i — 
for n > fc > 0. See P p. 134, Theorem A]. 

Lemma 2.1 ([ll Example 2.6], [231 Lemma 2.1]). For n > k > 0, the Bell polynomials 
of the second kind B„_fc meets 

(2.2) B„,fc(a:i -I- yi,X2 + y2, ■ ■ ■ ,Xn-k+i + Vn-k+i) 

= E E ^ J {xi , X 2 5 • • ■ 5 X£—r-\-l)ByfT^ s {Vl: y2: ■ ■ • ; 2/m — s-t-l)- 

r+s—ki+m—n ^ '' 

Lemma 2.2 (P p. 135], |2S| Lemma 2.2]). For n > k > 0, we have 

(2.3) ldn,fc {^ahx \, ab X 2 ,. ■., ab x^—k+i^ a b B^/j,(xi, X 2 ,.. •, ^n—fc-t-i )i 
where a and b are any complex numbers. 

Lemma 2.3 (P p. 135, Theorem B, [3g]]). For n > k > 0, we have 

(2.4) B„,fc(l,l,...,l) = A(n,fc). 

'-V-' 

n—k+1 


3. Proof of Theorem 11.71 
Set 

ze“ — 1 1 

mix) = X, gix) = - and /(y) = -, 

^UX y 

then we have 

rj^pUX 

h{x) = m{x)if o g){x) = — -- 

ze^ — 1 

which is the generating function of the Apostol-Bernoulli polynomials (ll.3|l . Thus by 
(131), we have 


(3.1) 


d"+i 

da;”+i 


h{x) 


x—0 


Bn+liu,z). 


On the other hand, since 


gix) = 


ze^ - 1 


= - e~^^ 


OO 

-E 

m=0 

-^z-l 


il-u)^ 


-E 


i-u)’- 


m—0 


(3.2) 


m! 


m! 
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and 


(3.3) 


g'ix) 


-E 

m—l 

z{l - 


{i-uT , 
(m-l)! 

u) - {-u), 


9"{x) 


-E 

m—2 

z(l - 


m-2 

(m-2)! 
uf - {-uf, 


V m-l 

^ (m — 1)! 

m—l ^ ' 

{ „,\m 

^ (m — 2)! 

m=2 ^ ^ 


g{n-k+l)^^^^Z 


(1 — uY 


(m-(n-fc+l))!- 


T-—(n —fc+1) 


oo 


- E 

m—n—k-\-l 


(m 


( _.^m-(n-fc+l) 

(n-fc + 1)! 


^ z{l-uY-^+^ - (-u)"-'=+^ 


as cc ^ 0. 

In terms of the Bell polynomials of the second kind i3„ fe, the Faa di Bruno formula 
for computing higher order derivatives of composite functions is described in [i p. 139, 
Theorem C] by 


(3.4) 


dx' 


n 

:{f °9){x) ='^ f^''H9{x))Bn,k (^g'{x),g''{x),...,g^^-'^+^\x 


k=0 


(see also [531 P- 93, (3.1)]). 

By the integral expression (|1.3I) and (13.31) , applying the formula (13.41) to the functions 


fiy) 


1 

y 


and y = g{x) 


ze^ - 1 

^UX 


we have 
(3.5) 

^(/°5)(a;) = '^f^''\g{x))Bn,k (^g'{x),g”ix),... ,g^^-'^+^\x)j 

k^O 

= E / / (9'i^)^9''{x ),... ,g(’"“'=+i)(x)) 

^ (g(a;))'=+i V ) 

^ V JzilEL 

^ (2-l)fc+i 

X B„,fc (z(l - w) - (-u), z(l - uY - (-uf, ...,z(l- «)”-'=+' - (-uY-^+Y 
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as x ^ 0 and 


dx’ 


-if °9){x) 


_ ^'jfc+1 2 -^ 

0 fc—0 ^ r-\-s—k l-\-m—rL 

X B^,r {z{l - u), z{l - uf, . . . ,z{l- 
X (-(-w), -i-uY ,..., -(-«) — «+!) 
(by (H^) 

_ y^ (—l)^fc! y^ y^ 


(3.6) 


(z — 1)^"*”^ 

k—0 ^ ' r-\-s—k^-\-m—n 

xz’'(1-m)^B^,.(1,1,...,1) 


£-r-\-l 

X (-l)^(-u)"^B^,,(l,l,...,l) 

m —s+1 

(by (ESI)) 

_ y^ (—l)'^fc! 

k—0 ^ ' r-\-s—k £-\-m—n 


X z"(l - m)^^(£, r){-iy{-urs{m, s) 

(by (EH)). 

Thus by Lebnitz’s formula for the nth derivative of the product of two functions (see m 
p. 210, Example 24]), we have 

° 9)ix) 

dx^ dx^ 


= Yl (”) (.C ° 5){2;)^” *^m(x)W 

i=0 ' 


(3.7) 


(^n ^71 

= ° ° 9){x) 


dx 

(since m(x) = x) 
(-l)'=fc! 


^n—1 
" d X" 




tE E 


(z — 1)'=+- 

fc=0 ^ ' r-Ys—ki-Ym—n—l 


n — 1 


X zYl-uYS{e,r){-iy{-urS{m,s) 

(by EH)) 


as X ^ 0. Then by comparing EH with EH, we get our result. 
Finally, letting u = 0 in (ll.lOE we obtain (If.HE 


4. Proof of Theorem 11.111 

Let fi = fj,{x) and v = v{x) 0 be differentiable functions. Set 

d" /M\ ^ i-lTw^ 

dx” \ v) 
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at every point i'{x) 7 ^ 0. By [51 p. 40], we have 


(4.1) 


Wn = 


Ai' 

/x" I/" 


V 

v' 


0 

V 

2v' 


0 

0 

V 


A* 


("-1) 7y("-i) 

(n) 






(S' 


(„-,y 


As in [23l p. 94-95, the first proof of Theorem 1.2], we may reformulate the formula ()4.ip 
as 

(^) ^ i^n+l |"^(™+l)xl -^("+l)xn|(„+i)x(n+l) ’ 

where the matrices 

/ M \ 

m' 

^(n-l) 

V y 


and 


^(n+l)xl — (a^,l)o<f<n — 


^(n+1) Xn — (6^ )o<^<n,0<m<n—1 


/ 


2 X 


z/^ Ml 

jy(") (!()zy("-l) 


0 
0 
V 


0 \ 
0 
0 


U-i)-' / 


satisfy 


a(!.i = A^^^^(a;) and be^rn = ( "^\x) 


under the conventions that (x) = v{x) and that (^) = 0 and (x) = 0 for ^ < to 

(see [23l (3.2) and (3.3)]). If we let 

ZP^ — ^ 

(4.3) /x(x) = 1 , zx(x) = 
then in this case, the becomes 

(4.4) Oop = 1, a^p = 0 for ^ > 1 
and the bi^m becomes 

' t 

I 1 — r I 

iTO/da;^“™ V 


\x) = 


d^-"* /ze"-l 


\TOy d a;^ "* V / 


(4.5) 


yjnJ da;^ 

^£\_d 

I TO/ dx^~ 


m 




k\ 


X 


-E 


(M 


fca-fe 


fc! 



fe =0 fe =0 

“ (1 _ y_'^k^k-(i-7n) ^ ' 


E 


X 


- E 


(-«)' 


a; 


y-mj \ ^ (fc—(£ —to))! (fc —(£ —to))! 

k=l-ra ' ' k=l-m ' ' '' 




X ^ 0 
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for 0 < ^ < n and 0 < m < n — 1 with i> m. Thus, as in p. 95, the first proof of The¬ 
orem 1.2], by (14.2L (14.41) and (14.51) . we have 




(4.6) 




(- 1 )" 

,,ra+l 


(- 1 )- 


{z - 1 )’^+! 


1 

^0,0 

0 

0 


0 

0 

^1.0 

^1,1 

0 


0 

0 

^2,0 

&2,1 

&2.2 


0 

0 

bn-1,0 

bn-1,1 

bn-1,2 

* ' * 

-l,n-l 

0 

^n,0 

^71,1 

bn,2 


n,n — l 

l,m\ 

l<£<n 

1 

e 

VI 

VI 

o 




i 

-1-1 

0 

[z{l-uY 

— m ^ 


VI 

VI 


as X ^ 0. Then again by Lebnitz’s formula for the n-th derivative of the product of two 
functions (see m p. 210, Example 24]), we have 
(4.7) 


jn+1 


xe 


dx"+i \ze^-l 


jn-l-l 


da-n-Sl 
n+1 




= E 


2=0 


n 1 




(a 

dx"+i Vu/ 'dx'^ \vJ 

(n -I- 1)-- ( — ) 

^dx" Vu/ 


dx“ vu 
(-l)"(n + l) 




(z - 1)”+1 
(by (14.61) 1 

as X ^ 0. Thus, by comparing (13.ip with (14.7p . we obtain (|1.13p . 
Finally, letting m = 0 in (I1.13p . we obtain (|1.14l) . 


l<^<n,0<m<n —1 
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